Theorem 1.1 ([7,6] ). Let λ ∈ {2, 3, 4, 6}. The necessary conditions for the existence of a super-simple (4, λ)-GDD of type g u are also sufficient except for (λ, g, u) ∈ {(3, 2, 5), (4, 3, 5) }.
In this paper, we investigate the existence of a super-simple (4, 5)-GDD of type g u . We shall use direct and recursive constructions to show that the necessary conditions are also sufficient. 
Direct constructions
In this section, we give some direct constructions of super-simple designs that will be used as master designs or input designs in the next section. These designs have been obtained from difference families after computer-assisted searches. The way to check the super-simplicity is essentially the same as what was used in [5] . The required base block set for some small designs are divided into two parts: P and R, each of the base blocks of P has to be multiplied by m i with 0 ≤ i ≤ s − 1 to get s base blocks under certain additive group. For brevity, we just list P, m, s and R in the proof. Proof. Let the point set be X = Z 2u and the group set be {{i, u + i} : 0 ≤ i ≤ u − 1}. The desired super-simple design can be generated by developing all the base blocks modulo 2u.
Proof. Let the point set be X = Z 3u and the group set be {{i,
The desired design can be generated by developing all the base blocks modulo 3u.
{0, Proof. Let the point set be X = Z 4u and the group set be {{i, Proof. Let the point set be X = Z 12u and the group set be {{i, u + i, . . . , 11u + i} : 0 ≤ i ≤ u − 1}. The desired super-simple design can be generated from all the base blocks by (+1 mod 12u). 
Proof. Let the point set be X = Z 56 and the group set be {{i,
Instead of listing all the required blocks, we only list the base blocks and all the required blocks can be generated from them by (+1 mod 56). 
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Main results
In this section we complete our proof of the sufficiency of the necessary conditions. For our recursive constructions, we shall use the following standard recursive constructions, the proofs of which can be found in [5, 9] . To prove our main results, we also need the following known results. Proof. For u = 4, the existence of a super-simple (4, 5)-GDD of type g u comes from Lemma 3.6. For any u ≥ 13, we start from a super-simple (u, 4, 5)-BIBD which exists by Theorem 3.3. Applying Construction 3.1 with weight g, we obtain a super-simple (4, 5)-GDD of type g u , where the input 4-GDD of type g 4 comes from Lemma 3.5.
Construction 3.2 (Breaking up Groups
Case 2
In this subsection, we settle the case g ≡ 3(mod 6), u ≡ 0, 1(mod 4) and g(u − 2) ≥ 10.
Lemma 3.9.
There exists a super-simple (4, 5)-GDD of type 3 u for u ≡ 1(mod 4) and u ≥ 9.
Proof. For u ∈ {9, 21}, the associated super-simple designs are given in Lemma 2. Combining Lemmas 3.6, 3.9 and 3.12, we have the following theorem.
Theorem 3.13.
There exists a super-simple (4, 5)-GDD of type g u for g ≡ 3(mod 6), u ≡ 0, 1(mod 4) and g(u − 2) ≥ 10.
Case 3
Now, we deal with the case g ≡ 0(mod 6), u ≥ 4 and g(u − 2) ≥ 10. First, we need the notation of H design which can be found in [21] . An H(v, g, k, t) design is a triple (X, G, B), where X is a set of points whose cardinality is vg, and 
